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ARTICLE INFO ABSTRACT

Article history: In this paper, we consider a numerical scheme for a class of non-linear time delay fractional

Received 24 July 2015 diffusion equations with distributed order in time. This study covers the unique solvabil-
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are carried out to support the obtained theoretical results.
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1. Introduction

In the past few decades, high and rapid growing attention related with partial differential equations which contain
fractional derivatives and integrals occurred. The ability of the models which contain non-integer orders comparing with
integers order models in describing some certain phenomena is more accurate. The need of many scientific areas for the
use of fractional partial differential equations (FPDEs) to describe their processes has been widely recognized. Nowadays,
the interest of scientists with FPDEs in fields of finance [1], engineering [2], viscoelasticity [3], control systems [4], diffusion
procedures [5] and many other scientific areas has no limit. Many anomalous diffusion processes which existed in some
physical and biological areas can be modeled by the time fractional reaction diffusion wave equation [6,7]. Recently,
distributed order fractional differential equations can model perfectly some different problems in mathematical physics and
engineering [8,9]. As one of the realistic models of these equations, the authors in [10] transfer the multi-term fractional
derivative viscoelastic model to a derivative model of distributed order and checked its effect on several systems such as the
fractional distributed order oscillator and the distributed order fractional wave equation. Also, in [11] a distributed-order
fractional diffusion-wave equation is used to describe radial ground water flow to or from a well, and three sets of solutions
are obtained for flow from a well for aquifer tests: one for pumping tests, and two for slug tests. In the simulation of
dynamical systems, two effects (distribution of parameters in space and delay in time) often existed. Due to that, we study
the effect of entering a delay term in the source function of distributed order fractional diffusion equations. The existence
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and the uniqueness of mild and classical solutions for a class of distributed order fractional differential equations had been
studied in [ 12]. Some authors extended the multi-term fractional derivative models to models with distributed orders and
as a result of these generalizations, some new systems such as the distributed order fractional wave equation [13] and
fractional distributed order oscillator [14] were presented. A fundamental solution of a distributed order time fractional
diffusion wave equation appeared in [ 15]. The time fractional diffusion wave equation has the following form

9%u(x, t) d%u(x, t)
=K
ate ox2
with the fractional order @ € (0, 1]; if « = 1, the classical diffusion equation is recovered. The numerical solutions of such
equations were proposed in the literature by means of finite difference methods [ 16,17], spectral collocation methods [ 18,19]

and others. In the literature, a considerable attention to deal with the general class (distributed order form) of (1) is discussed
in [20,21]. The distributed order in time fractional diffusion equation can be written in the following form

+f(x, t,ulx,t)), t>00<x<I, (m

! 3*u(x, r) 9%u(x, t)
w(a) da =K +fx, t,ulx,t)), t>0 0<x<L. (2)
0 at* 8X2

The demand of obtaining numerical solutions, such as in [22,23,21,24], to treat these equations aims to overcome the
mathematical complexity of analytical solutions. For the two dimensional form of (2), the authors in [25,26] derived high
order difference schemes. Also, time delay differential equations are widely used in many fields (economics, medicine,
physics, etc.) [27,28]. The theory of delay differential equations has a great interest and is developing rapidly [29]. We are
concerned with a generalization of (2) to include a non-linear delayed source function, more specific we consider

1 3%u(x, t) d%u(x, t)
w(a) da =K +flx, t,ux,t),ux,t —s)), t>0, 0=<x<IL, (3a)
0 ote 8X2
with the following initial and boundary conditions
ux,t) =y x,t), 0<x<L, te[-s0), (3b)
u(0,t) = ¢o(t), u(l,t) = (t), t>0, (30)

where s > 0 is the delay parameter, K is a positive constant, and w(«) > 0 is a weight function. The fractional derivative is
introduced in Caputo sense, that is

%u(x, t 1 t au(x,

SDYu(x, t) = ® &) = / t—¢o)™™ ( g)dg, O<a<l. (4)
atv rd—aw o ¢

We have two degrees of complexity, the distributed order and the nonlinear delay source function. We seek to obtain a

numerical solution for (3). Throughout this work, like in [30], we suppose that the function f (x, t, u, v) and the solution

u(x, t) of (3) are sufficiently smooth in the following sense:

e Let m be an integer satisfying ms < T < (m + 1)s,definel, = (rs, (r + 1)s),r = —1,0,...,m — 1, I, = (ms, T),
I'=Jg-_; Iq and assume that u(x, t) € C®* ([0, L] x (0, T]),
o The partial derivatives f, (x, t, t, v) and f, (x, t, u, v) are continuous in the €g-neighborhood of the solution. Define

= sup |fu(xtu®t) +eLuxt—s)+e),
0<x<L,0<t<T
leq1=ep.lexl=€g

= max |fi(x, t,ux, t) + e, ux, t —s) +e)l.
0<x<L,0<t<T

le11=€g.leal=€g

Difference schemes can be applied to solve numerically and study some different sorts of differential equations [31-34].
Numerical studies for fractional functional differential equations with delay based on BDF-type shifted Chebyshev
polynomials are exhibited in [35]. In [36], Ferreira introduced energy estimates for delay diffusion-reaction and studied
the following nonlinear delay partial differential equations

ou 9%u

E_aﬁ =f(u®,t),u(x,t—5s)), a<x<b>b, tel0T], (5a)
u(a,t) = uq(t), u(b,t) =uy(t), t €[0,T], (5b)
u(x,t) = px,t), x€lab], te[-s,0). (5¢)

The author gave a backward Euler scheme with L,-convergence order O (r + hz). Zhang and Sun [37] introduced a linearized
compact difference scheme for a class of nonlinear delay partial differential equations with initial and Dirichlet boundary
conditions. The unique solvability, unconditional convergence and stability of the scheme are proved. The convergence order
is O (r2 + h4) in the Ly,-norm. In [38], Karatay and his group obtained an approximation for the time Caputo fractional
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derivative at time t1.1/, with fractional order 0 < o < 1 and they extend the idea of the Crank-Nicolson method to time
fractional heat equations with convergence order O (rZ*“ + hz). Based on the ideas in [38,37], we construct a linearized
difference scheme for (3). The structure of this paper is arranged in the following way: we present the derivation of the
difference scheme in the following section. Next, in Section 3, the solvability, convergence and stability for the difference
scheme are discussed. In Section 4, numerical examples are given to illustrate the accuracy of the presented scheme and to
support our theoretical results. Finally, the paper ends with a conclusion and some remarks.

2. Derivation of the difference scheme

We seek to obtain a numerical solution based on the Crank-Nicolson method. First we transform the distributed order
diffusion equation (3a) into a multi-term fractional differential equation with delay by using a numerical quadrature formula.
We briefly recall Simpson’s rule (also known as the three-point Newton-Cotes quadrature rule).

Lemma 2.1. Consider an equidistant partition of the interval [0, 1] into 2] subintervals, let Ao = % and denote oy = [ A«,
0 < I < 2J. Then, the composite Simpson’s rule reads
1 2]
a)da = Aa a—i(‘l) € [0, 1], 6
/Of() ;ml) 50 @, ¢el0.1] (6)
where
L [=0,2)
3 bl - 9 b
2
Y= g, 1=2,4,...,2] —4,2] —2
4
-, 1=1,3,...,2]—3,2] — 1.
3
We fix some further notations. Take two positive integers M and n, let h = ﬁ T = % and denote x; = ih, t, = kt and

tkﬂ/z = (k+3) 1t = 1(t + tis1). Cover the space-time domain by 2, = 2, x €2, where 2, = {x; | 0 < i < M},
Q2. ={t|-n<k<NLN=|I|Letw={v|v=1f0<i=<M, —n <k < N}beagrid function space on £2.. For

v e Wwedenote v "* = 1 (vf + v!*1) and 820} = o (v = 20f +vy).
Lemma 2.2 ([37]). Let q(x) € C5[x;_1, X;1], then

h*
"(xi—1) + 10" (x;) + q,/(xH—l)) (Q(Xz 1) —2q(xi) + q(xi41)) = 7‘1(6)(@1)

12 ( 240

where w; € (Xi_1, Xi+1)-

Define the function G(e) = w(ar) L&, & € (0, 1]. Suppose that G(«) € C*[0, 1], then using Lemma 2.1, we approximate the

distributed integral as

o

1 %
0%u(X;, tir1/2) (A)*
/ (A)(OZ)THCIO[ = Ax Z Yo (o) ng”u(x,-, tk+1/2) — W®( )(Ol Xi, l'k+1/2) .’
0 =0 a=¢;

2
= Aa Y ye(e) §D"u(i, tigr2) + 0 (Aa), (7)
=0

where ¢} € [0, 1], and we defined & (&; xi, ti1/2) = @ (e )W

We define the grid function on £2,,: U(i, k) = u(x;, t;).In[38] an approximation for the time Caputo fractional derivative
at tyy 1,2 With 0 < o < 1 was given:

k—

0Mu(x;, tyy1/2) Wl U 0 k1 k 2-
=y +Z(wk 1 — O U — whU + ima (UM — U¥) + 0 (27, (8)
m=
where
1 11— 1 1—-o 1
oi=o'[[i+ = —(i-= , ol=———— 0<i<M,0<k<N-1 9)
2 2 T4l (2 — o)
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We are now in a position to apply and combine the above, that is (7) and (8), to (3a) at the points (x;, ty11/2), and arrive at

k—

o! _
Aa Z yiw(ap) |:a)1 UI + Z(wk e a)k DU a)kUO + e (Uik+1 _ Uik) +0 (1,'2 al) +0(Aa)

O%u(Xi, tiey1/2)
= 187;“ + f (i, te12, Ui, ter1y2), U, G2 — S)). (10)

Lemma 2.3. For g = (go, g1, . . . » &u), let the linear operator 2 is defined as

1 )
g = E(gifl +10gi +giy1), 1<i<M-—1.

Then, we obtain

k=1 !
o
A Z (o)A |:w1Uk + Z(a)k ma1 — o, U™ — 0 U + — (Ui’<+1 - Uik)i|

1=0 m=1 2] “
= K82U!T? of (x,-,tkH/z, ;U —%U," ! ;U[‘“ " ;U[‘ ) + R, (11)
where
Rf|=0((Aa)* +h*+7), 1<i<M-1,0<k<N-1 (12)

Proof. We use the Taylor expansions

2uXi, tey12) 1 (0%uxi, ) 9*ulxi, tigr) 3
I herja) _ + +0(?),
ax? 2 ( ax? ax? ) (=)

3 1
k —
u(xi, tyr12) = Ul-H/z = EUik --Uf"+0 (),

2
_ k=nt-3 _1 k+1-n 1 k—n 2
uxi, tip12 — ) = U; = 2Ui + 2Ui +0(z%),
n (10) and obtain
k— 1
o —q
Aa Zyla)(a,) |:a)1Uk + Z(wk i1 — O UM — 0l UL + =T (Ut —uf) +o(<? l)] + 0 (Aa)*
=0 m=1
K 82u(xl- ty) 321.[()(,‘ trer1) 2 3 1 I 1 1
== ’ ’ o(z Xi, by, UK — —UKTY Uk gk )
2( e T e +0(e) +f ey, U= 0 55U T ST

where we used the continuity of the derivatives of f in its third and fourth components. We rewrite this as

(k1 — uf)} o)

k—

AaZylw(a,) |:a)1 —|—Z(wk _— a)k DU —a)kUO—i-

m=1

217&1

K (9%u(xi, te)  0%u(xi, terr) 3 . 1 . " 1, 1
== - d Xiy tip1ja, UF — UK U 4 Uk ) 40 (22 + (A)?), (13

2 < ax? + 9x2 +f\ %ty 5 i R + 5 i + ( + (Aa) ) (13)
because Aa leio yw(ay) O (12*“’) =0(1) Ax Z,zio y () and Aa Z,zio v w(ay) is bounded by Lemma 2.1. According
to Lemma 2.2 we have

02u(x;, te) h
mTk 52U kjL%F(” t),  0f € (Xiz1. Xip1),

so applying 2l to (13) we arrive at

k— 1
k ! 0 o k+1 k
Aa;y,w(ou)% |:a) Ui + Z(a)k i1 — Ol — 0 UP + e (Ut —ul )]
= m=1

3 1 1 1
= K82UT? of (xi, 120 2Ul - EUI" 1 zulk+1 4 iuik‘") +0 (7 + (Aa)* + h?)

asu(x, t) e C®H(I x (0,T]). O
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The final form of our difference scheme is obtained by neglecting Rf and replace Ui" with uf‘ in(11)

k— l
Aa Z yiw(o)A |:a)1u + Z(a)k el a)k ou” a)ku 4+ — i (uf*’l _ u:‘):|

= K82 +of (x,—, ti1/25 ; k_ ;uf‘ 1 ;u:‘“ n + ") , (14a)

and supplying appropriate initial and boundary conditions
uy = po(t), Uy = pu(te), 1<k <N, (14b)
=¥, t), 0<i<M, —n<k=<0. (14c)

3. The solvability, convergence and stability for the difference scheme

Now, we introduce the uniqueness, stability and convergence theorems in Ly, norm using the discrete energy method
for the proposed difference scheme.

If the spatial domain [0, L] is covered by 2, = {x; | 0 <i <M, }andletV, = {v | v = (vo, ..., Un), Vo = vy = O} be a
grid function space on £2;. For any u, v € Vj, define the discrete inner products and corresponding norms as

_ M

1

o) =hy wv, (S, 8w) =h) Gl @Gvia), (S v) = —(Gan o), St = (= Uiy)
i= i=1

and

lul =V {uu),  |ulh = (8w, éu),  llulloo = max |ul.
0<i<M

According to [37], the following inequalities are fulfilled

L
ullo = —=lul,  lull = —=luls. (15)

2 f
For the analysis of the difference scheme, we need to use the following inequality:
Lemma 3.1 (Gronwall Inequality [37]). Suppose that {F* | k > 0} is a nonnegative sequence and satisfies F**1 < A+Bt , F, !

k > 0, for some nonnegative constants A and B. Then F¥*1 < A exp(Bkt).

We now prove that our difference scheme admits a unique solution. Next we show that the obtained solution solves (3).

Theorem 1. The difference scheme (14) is uniquely solvable.

Proof. Suppose that u 0 < i < M is the solution for the obtained difference scheme (14). Using the mathematical
induction, the base step is fulfilled from the initial condition (14c) as the solution u,. is determined for —n < k < 0. For the
inductive hypothesis, let u:-‘ be determined when k = [, then from (14a) we obtain a system of linear algebraic equations with
respect to uﬁ. The proof ends by the inductive step as the coefficient matrix of this system is strictly diagonally dominant, so
there exists a unique solution uﬁ“. We can arrange the system (14) as follows

2/ 1 1
Aa o K 74 1 10Ax o K7
([E ;Mw(a')ﬂ N ﬁ]"fm [ Zy’w(a’)r i hZ]”<+

1 1

Aa & o K 7 Aa & A K |,
+ I:E Zyzw(az)ﬁ - ﬁ]ui,]) + Ep) ,Z.; yiw(ap) (a)] — ﬂ) ~ o T
10Ax K|, o! K ;
[ me(az) <w1 I a:) + 112} F+ [ > Zyzw(az) (w1 = ul) - th} ui_l>

k—1
3 1 1 1
I I 1.0 K k=1 L kt1- k—
2[(11?:1(%7”1“ — o — a)kui> = Af (x,», tit1/2, Eui‘ — Ui S "+ U ”) .
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According to the system above, the coefficient matrix A = (ay) is strictly diagonally dominant because a; > it |aU |;

2 o'Aa K 1 & o'Aa K o!

10
aij = 12 Z o) ——— 21— + F, Qit1,i = 12 Zylw(al) 21—y - ﬁ = dj—1,i, 217*"‘ > 0.
Therefore, the coefficient matrix is nonsingular and this proves the theorem. O

Theorem 2 (Convergence Theorem). Let u(x, t) € [0, L] x [—s, T], be the solution of( ) such that u(x;, ty) = Uk and u" 0 <
i <M, —n < k < N) be the solution of the difference scheme (14), denote e = Uk — u Jor0<i<M,—n<k<N,and

2
2(2 ¢
3cL T 3L (C1 + %) T
== exp
2 5KAaw(1) 4K Aaw(1)
then if
€ €\ 1 €\ 1
<= (0) hfhoz(—0> : Aaf(—o) : (16)
6C 6C 6C

one has that

lekloo < C(r 4+ (Aa)* +h%), 0<k<N. (17)

Proof. The error difference scheme can be obtained by subtracting (14a) from (11), the latter with u replaced by U, as follows

2] 1
o k
AaZMwW'”‘[%eﬁZ(wk it — Gl )el! — ofed + T (ef“—ei‘ﬂ=1<83eﬁ”2+R;<

B
—f (x,, tet1/2, ; T %uf’l, %uf“’” + ;uf")] , (18)
and
eg:O, e’,f,,:O, 1<k<N, (19)
k=0, 0<i<M, —n<k<0. (20)
By taking the inner product of each part of (18) with (Sre‘+ /2 this yields

2 k=1 ol
k172
A Z yiw (o) <91 |:a)llef»< + X:(cz)L_n.,+1 — el — wped + S (ef“ ):| 8ee; k+1/ >
1=0

m=1
2 k+1/2 k+1/2 k+1/2 3 k 1 k—1 1 k+1-n 1 k—n
=K <8xe,- , 8¢ >+< , 8ce; >+ AN f | Xy ey, U7 — U, 20, + -U;
2 2 2 2
3 I 1 k—1 1 k+1— 1 k+1/2
_f (Xh tk+l/Za P u; — iui 2u,+ - + - 2 - 8[6 (21)

We will prove (17) by strong mathematical induction. The base case is evident; following (20), it is clear that ||e¥||,, =
0, —n < k < 0, so in particular we have ||e°| o = 0. Next, suppose that (17) is fulfilled for 0 < k < ¢, then we will show
that (17) holds for k = ¢ + 1.

From the inductive hypothesis, and when t and h satisfy (16), we obtain

le“loo < C(z+ (Aa)* +h*) < €/2, 0<k<¢. (22)

From (22), we conclude that |e¥| < €y/2,0 < k < ¢,and so [U¥ — u¥| < €/2, |UF" —u"!| < €/2,0 < k < ¢, then
12(UF —ub) — LU — uf)| < €o/2, then the following inequality is fulfilled

3 1 3 1
(G -37) - (3 —3)
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By the same way, we conclude that |3 (U ™" —uf*1™") 4+ 2(UF " —uf™™)| < €p/2, then the following inequality is achieved

1 1 1 1
Uk+1 n Uk ny\ _ uk+1 n —n
‘(2 : +ol 2! +2

Consequently,
’f(xi, /2. ;U _ %Ulk 1 %Uk+l " 1Uk n) f(X.,tk+1/2, z !< _ %uf‘l, %u{ﬁl—n 4 1u:<_n)
< zef‘—z 4 ! "“’”—}-%ef’” , 0<i<M,0<k<é,
and so
e 20t~ 20 2 30) s n 2 Bt )]
§m<c ze—%e, + ¢ ;f‘“”+%ef’">, 0<i<M,0<k<¢, (23)
using (23), we can predict that
el e 20— o Bt ) o 3~ . Bt 2
< <Ql<c ;ef‘ - ; el e | fe’“Ll e %e!"”),(S[ef+%>. (24)

For simplicity, the inner product in the r.h.s of (24) will be denoted by (&1, &). The use of the holder inequality gives
(€1.&) < % lI& % + §11& (1, and by taking 0 = 22420 we obtain

2

18 3 1 B 1., 5Aaw(1) k+
RHs < ——— ||« Zek— —ek T oy | ekt 4 ek i AR I 25
=~ 10Aaw(1) H ( 26 T8 | Tags + 36 T3 € (25)
also,
(g, g) <(g.2), VgeV,
then
18 1 1 2 5A00() | k1 |?
RH.s e — e gy ekt 4 ek - AR 26
8 | TaeRs s t 3 i (26)
1 M- 1 2 5Aaw(1) 2
=———h c|=¢ ekt Cy | =k 4 Zekm —— " ||8;e , 27
108001 i=1(121 ¢ +221 +21 + 36 r, (27)
18 M-l 3 1 2 M=Tq 1 27 5Aaw(1) 2
<——— |he? (fe’f — fe’.‘_]> ch (fe’.“”_” fe'.‘_”> ] — |8 , 28
_10Aaa)(1)[1i:12' 2 +2;2l T3 BT e (28)
18 5 M1 1, Ml 5Aaw(1) k+ 2
<———|Zhc? ( el el ) —c?h ( ekH1=m2 4 ek 2)] s 2|, (29
= ey 2 (€ €)Y (e el ) [+ S e (29)
9 2 9 a2 5Aaw(1) 12
LH.s < 2( K k—1 ) ( k+1—n k—n ) k3 30
2 (1 1) + g (1 + ) + 225D e 0)

Also, for the second inner product in the r.h.s of (21) and using Holder inequality in the same way as before, we obtain

18 5Aaw(1) k+1
(e, el ™77) = =R 2N el (31)
10Aaw(1) 36
For the first inner product in the r.h.s of (21),
—K
K (s2ef ™%, el ™) = S (el — ek, (32)
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As, see (9), we have

k—1
] ] ! ! ! !
E (@1 — Q) =y — w7 >0, w;>0=w, >0, k> 1

m=1

With the aid of (33), we have the following estimate for the Lh.s. of (21),

2] k—1 l
k+1/2
Aa Z () <Q[ |:a)l]€:»< + Z(wifm+1 - a);&m)e a)kel + 21— (e;(-H - ef)i| ’ Sfei( / >
=0

m=1

v

m=1

1
Aa E Vzw(oz:)< [21 — (e = ")] 8 "“/2>
A Z () M Y
= o w ) i
VIt 53 “lF(Z—a,) T &

.L.]—Otzj

2170 (2 — ay))

\

k12 o kk12\  o(DAa k412 o k4172
= )/2](1)(0{2]) <2[5tei+l/ s 8tei+ / ) = — <916[€i+ / s 5[€i+1/ >,

3

asay = land yy = % Furthermore, using the definition of 2, we have that

5
<the:<+1/2, (Ste?H/Z) _ <12 (8[6k+1/2 + 106, ek+1/2 +s e:::m) 5, k+1/2> g <5 ek+1/2’ 8tef+1/2

which means that the Lh.s. of (21) is bounded below by

2] o!
kr1/2
Ao E )/lw(ou)< |:w e + E (), m+1 — o e — wked + —— =T (e$‘+1 _ef.‘)j| ’8t€i<+/ >
1=0

m=1

S5w(1)Aa 2
= 2 et

Substituting Eqgs. (30)-(32) and (34a) in (21), we obtain
K okt k2 9 2( k2 k—1 2) 9 2( k+1—n )2 k—n 2)
— ef|]) < ———c7|( |let e; —c5 | e e;
2T(I 7 —lef1) < AaoD lle I” + lle; |l +5Aaa)(]) 5\ e 17+ lle;
2
Ity adt),
+10Aaa)(1) s\r it A

multiply both sides by and summing up for k noticing (20), we get

9 18kt 2
| k+1|2 Kaao ( ) Z lle™||% + K Aw (])L %(r +h4+Aa4) , 0<k<d.

Eq. (34c) is ready to apply Gronwall inequality to obtain:

2
2 2 ¢
9TLc2 3L (Cl + %) T

| ({+1|
1= 5K Aaw(1) 2K Aaw(1)

2
(1: +h*+ AO(4) ,

using Eq. (15), we obtain

2
2(2 4 ¢
3csL T 3L <C1+?2)T y
< — exp <r+h + Ax )

041 <
le™ Moo = 1 <
2 5K Aaw(1) 4K Aaw(1)

IZ+1|

L
e
2

So, the inductive step is achieved and this completes the proof. O

2/ k— l
k+1/2
Ac Z IC) <Q[ |:a)1e + Z(wk m+1 a)k m)e - wke + 21— (ef_H )i| (Ste o >

(33)

(34a)

(34b)

(34c)

(34d)

(34e)

Computational and Applied Mathematics (2016), http://dx.doi.org/10.1016/j.cam.2016.02.039

Please cite this article in press as: V.G. Pimenov, etal., On a class of non-linear delay distributed order fractional diffusion equations, Journal of




V.G. Pimenov et al. / Journal of Computational and Applied Mathematics I (11EE) HRE-EER 9

To discuss the stability of the difference scheme (14a)-(14c), we also use the discrete energy method in the same way like
the discussion of the convergence.
Let {vf | 0 <i < M, 0 < k < N} be the solution of

2 k=1 (Wl pky
Ao Z yla)(oz,)m[a)]v" + Z(wk—nﬂ»] — O)V"™ — v + UW]
1=0 m=1
3 1,51 _ 1,
= K(Sfl)ik-'—l/z + Q[f <X,‘, tk+1/2, Evlk — Evik ], EU}H—] " + Evlk n) ) (35)
vi=do(t), vy =¢it), 1<k=<N, (36)
V=9, )+ ok, 0<i<M, —n<k<O0, (37)

where pi" is the perturbation of v (x;, t;).
Following the same steps as in the proof of convergence theorem, the following result is obtained.

Theorem 3 (Stability Theorem). Let Gi" = v,-" — u?‘, 0 <i<M, —n < k < N, and the existence of constants c4, cs, hg, To which

fulfill

0
164100 < cav/T D 1051, 0 <k <N, "] =

k=—n

conditioned by

h<hy, T <1, max |pf| <cs.
—n<k<0

0<i<M

4. Numerical experiments

Let uﬁ‘ = u(kr, h, Ax) be the solution of the constructed difference scheme (14a)-(14c) with the step sizes t, h, Aa.
Define the maximum norm error by E(z, h, Aa) = maXo=i=m ||U¥ — u¥| .
0<k<N

EQt,h Aa)

Define the following error rates, rate; = log, ( W)

) , rate; = log, (%’Zﬁo‘)) We just adapt some numerical

examples which appeared in [21].

Example 1.
1 %u(x, t u(x, t
/ IrG—ow) 8(t“ )doz = a(xz ) +fx, t,ulx, t),u(x,t —s)), te(0,1),0<x<2, (38)
0
6(t2 -2 —
fx, t,ux, t), ux, t —s)) = % —ulx,t—s)+ 262 +x(2 — x)(t — $)2,
n
with the following initial and boundary conditions
ux, t) =t?2x—x*), 0<x<2, te[-s0),s>0, (39)
u,t) =u2,t)=0, tel[0,1]. (40)
The analytical solution of this problem is
ux, t) = t2(2x — x%). (41)
Example 2.
To(7 %u(x, t) d%u(x, t)
I'l-—« doa = +fx, t,ulx, t),ux,t —s)), te(©0,1),0<x<1, (42)
0 2 ot« 3X2
3
15 t—Dtz(x—1
fix, t,ux, t), ux, t —s)) = adt )z x i +ul(x, t — ) —Zt% — (=)t —s)°,
81n(t)
with the following initial and boundary conditions
Ut =t3(x—x%), 0<x<1, te[—s0),s>0, (43)
u(,t) =u(1,t) =0, tel[0,1]. (44)
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Table 1.1

Errors and convergence orders of the difference scheme (14a)-(14c) in time variable with
h =1/300 and Ao = 1/300.

T E(z, h, Aa) rate;
1
10 0.00135
% 0.00068 0.9784
w 0.000344 0.9825
% 0.00017 0.9876
ﬁ 0.000087 0.9935
1
320 0.000044 0.9978
1
640 0.0000218 0.9996
Table 1.2
Errors and convergence orders of the difference scheme (14a)-(14c) with an optimal step size
ratio.
i h Aa E(t, h, Aa) rate,
1 2 1
2@ 5 i 0.000216
1 2 1
48%) 16 H 0.0000130754 4.0521
1 2 1 _;
8(163) 2 16 8.1371 x 10 4.0062
Table 2.1

Errors and convergence orders of the difference scheme (14a)-(14c) in time variable with
h =1/500 and Ax = 1/400.

E(t, h, Aa) rateq
1
= 0.00123
= 0.00062 0.9853
= 0.0003 0.9931
= 0.00016 0.9952
= 0.000078 0.9976
1
26 0.000039 0.9985
Table 2.2
Errors and convergence orders of the difference scheme (14a)-(14c) with an optimal step size
ratio.
T h Aa E(t, h, Ax) rate,
1 1 1
& 1 3 0.000135
1 1 1 —6
o = = 8.69397 x 10 3.9568
1 1 1 —7
s % % 5.48064 x 10 3.9876

The analytical solution of this problem is

u(x, t) = t3 (2 — x). (45)

In Tables 1.1 and 2.1, the error rates of the numerical solutions for test Examples 1 and 2 are computed with different
time steps and fixed, sufficiently small h and A« and with delay parameters s = 1, s = 0.5 respectively. The approximation
of time-fractional derivatives dominates the computational errors in view of the sufficiently small step sizes in space and
distributed-order variables. From these tables, one can conclude that the convergence order in time is one in maximum
norm. The computational results are in accordance with the theoretical results. In Tables 1.2 and 2.2, the computational
results are displayed with an optimal step size ratio, i.e. N = M* = (2])*. One can conclude from these tables that reducing
the spatial step size h and the distributed-order step size A« by a factor of 2 corresponds to the decreasing of computational
errors in discrete maximum norm by a factor of 16 gives fourth order convergence approximately.

5. Conclusions

The major aim of this work which lies in building a linearized difference scheme to solve a class of distributed order
fractional diffusion equations with nonlinear delay is achieved. The stability and convergence analyses for the numerical
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solution are discussed. The proposed numerical test examples supported our theoretical results. The resulted difference
scheme can be easily applied for two dimensional delay problems with distributed orders. For future consideration, we will
increase the time convergence order to two by predicting another approximation for time Caputo fractional derivative at
tr+1/2 with convergence order 3 — a.
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